Abstract. In this paper, we collect some fundamental properties of restricted volumes and multiplicities of the adelically metrized line bundles. The arithmetic restricted volumes have the concavity property and characterize the arithmetic augmented base loci as the null loci. We also show a generalized Fujita approximation for the arithmetic restricted volumes.
Introduction
Let K be a number field. Denote the set of all the finite places of K by M f K , and set M K := M f K ∪ {∞}. Let X be a projective variety over K. According to [25, 21] , we consider an adelically metrized line bundle L = L, (| · | An adelically metrized Q-line bundle L is said to be weakly ample, or w-ample for short, if L is ample and Γ ss (mL) K = H 0 (mL) for every sufficiently large m. Let Y be a closed subvariety of X. We say that L is Y -big if there exist a positive integer m, a w-ample adelically metrized line bundle A, and an s ∈ Γ ss (mL − A) such that s| Y is non-zero.
The purpose of this paper is twofold. First, we give an elementary proof to Theorem A below, which was first proved by Moriwaki [20, Theorem A and Corollary B] by using Zhang's technique [24] . (More precisely, Moriwaki [20] treated only continuous Hermitian line bundles but it is easy to generalize it to the following form). Following Moriwaki's suggestion, we call this result a "Zhang-Moriwaki theorem". Our proof is very simple and is based on some elementary properties of the base loci. We do not need neither induction on dimension nor estimates of the last successive minima.
Theorem A (Theorem 4.3). Let X be a projective variety over K and let L be an adelically metrized line bundle on X such that L is semiample. Then the following are equivalent.
(a) B ss (L) = ∅. (b) H 0 (mL) = Γ ss (mL) K for every m ≫ 1.
The celebrated arithmetic Nakai-Moishezon criterion for the arithmetic ampleness was first proved by Zhang [24, 25] , and later was slightly generalized by Moriwaki [20] by the same technique. Theorem A itself is not so powerful as recovering where A runs over all the w-ample adelically metrized Q-line bundles on X. In the literature, we can find several other definitions of B + (L). For example, in [19, §3] , Moriwaki defined it by using the "small sections" and, in [10, §4] , Chen treated the sections having normalized Arakelov degrees not less than zero. In most cases, these three definitions all coincide (Remark 5.4). The definitions given above have some desirable properties. For example, if X is normal, then
Z (Corollary 7.11). By the theory of Okounkov bodies [14, 4] The following is an arithmetic analogue of this limit, which we call the arithmetic multiplicity of L along Y and denote by e X|Y (L).
Theorem B (Theorems 7.9). Let X be a projective variety over a number field, let Y be a closed subvariety of X, and let L be an adelically metrized line bundle on X. If Y ⊂ B ss (L), then the sequence
converges to a positive real number.
As an application, we show a generalized Fujita approximation for the arithmetic restricted volumes, which can be viewed as an arithmetic analogue of [11, Theorem 2.13] . Let X be a normal projective variety over a number field, let L be an adelically metrized Q-line bundle on X, and let Z be a closed subvariety of X. A Z-big approximation for L is a pair (µ : X ′ → X, M ) consisting of a projective birational morphism µ : X ′ → X and a nef adelically metrized Q-line bundle M on X ′ having the following properties.
(a) X ′ is smooth and µ is isomorphic around the generic point of Z. Theorem C (Theorem 8.4). Let X be a normal projective variety over a number field, let Z be a closed subvariety of X, and let L be an adelically metrized Q-line bundle on X. If L is Z-big, then for every closed subvariety Y containing Z vol X|Y (L) = sup
This paper is organized as follows: we give a definition and properties of the adelically metrized line bundles in section 2 (Definition 2.2) and of the augmented base loci of general graded linear series in section 3 (Definition 3.1). As an interlude, we give the proof of Theorem A (Theorem 4.3) in section 4, which is independent of the previous sections except Lemma 3.5. In section 5, we give a definition of the arithmetic augmented base locus of an adelically metrized line bundle (Definition 5.1) and characterize it as the exceptional loci of the Kodaira maps (Theorem 5.5). In sections 6 and 7, we define the arithmetic restricted volume of an adelically metrized line bundle along a closed subvariety and prove Theorem B (Theorem 7.9). The arguments are based on Yuan's idea [22] and the theory of Okounkov bodies [14, 4] .
In section 8, we show a generalized Fujita approximation for arithmetic restricted volumes (Theorem 8.4).
Preliminaries
Adelically normed linear series. Let K be a number field and let O K be its maximal order. Denote the set of all the finite places of K by M f K , and set M K := M f K ∪{∞}. For each P ∈ M f K , we denote the P -adic completion of K by K P , a uniformizer of K P by ̟ P , and set (2.1)
for a ∈ K P . For v = ∞, we set K ∞ := C and denote the absolute value on C by | · | ∞ . Let V be a finite-dimensional K-vector space. We set for v ∈ M K is a finitely generated O K -module that spans V over K.
Let X be a projective variety over K, and let L be a line bundle on X. For later use, we do not assume that X is geometrically irreducible over
for every v ∈ M K , s ∈ V m , and t ∈ V n . Given an adelically normed graded K-linear series V , we have a graded K-linear series m 0 Γ ss (V m ) K belonging to L, and set
Adelically metrized line bundles. Let F be a complete discrete valuation field with non-trivial norm | · | F . Let O F := {a ∈ F : |a| F 1}, let m F be the maximal ideal, and let F = O F /m F be the residue field. Let X be a projective variety over F . We denote the Berkovich analytic space associated to X by (X an , ρ :
an corresponds to a multiplicative seminorm | · | x on R whose restriction to F is | · | F , and the morphism
. In particular, the multiplicative seminorm | · | x defines a norm on k(ρ(x)) = Frac(R/ Ker | · | x ), which we denote by the same | · | x by abuse of notation. Let X be an O F -model of X, that is, X is a flat, projective, reduced, and irreducible O F -scheme such that X × Spec(OF ) Spec(F ) is F -isomorphic to X. We denote the reduction map ([1,
which is defined as follows. For an x ∈ X an , we can uniquely extend the natural morphism Spec(k(ρ(x))) → X to t x : Spec(O k(ρ(x)) ) → X by the valuative criterion. Let T x be the image of Spec(O k(ρ(x)) ) via t x , and define Red X (x) as the image of the closed point of
an and for very f ∈ O X ,Red X (x) , we have
and Red X is anti-continuous. Let L be a line bundle on X and let
x∈X an on L an as follows. Let n 1 be an integer such that nL is a line bundle on X . For x ∈ X an and for ℓ ∈ L an (x), we set
which doses not depend on the choice of n 1.
Proof. (1): Let x ∈ X an and fix a local trivialization ι :
which does not depend on the choice of n and ι. In fact, a change of ι corresponds to a multiplication by an element in
. By definition of the Berkovich topology, we can see that |s| L (x ′ ) is continuous around x. (2): It suffices to show the "if" part. The inequality (2.7) means that s(x) ∈ L Tx,Red X (x) and thus s ρ(x) ∈ O X ,Red X (x) ⊂ O X,ρ(x) for every x ∈ X an . Since the reduction map is surjective onto the closed points ([3, §7.1.5, Theorem 4]), we have the assertion. 
for every x ∈ X an (see also [8, 21] ).
Remark 2.2. Let L be a nef line bundle on X and let (X , L ) be an O F -model of (X, L). Then | · | L is semipositive if and only if L is relatively nef (see [21, Appendix A.3] ).
Let K be a number field, and let X be a projective variety over K. For v ∈ M f K (respectively v = ∞), we denote the Berkovich analytic space (respectively complex analytic space) associated to
is a pair (X U , L U ) such that X U is a flat, projective, reduced, and irreducible U -scheme with generic fiber
such that L U is a line bundle on X U and, for every
∞ that is invariant under the complex conjugation. We denote the Q-vector space of all the adelically metrized Q-line bundles on X by Pic Q (X).
Remark 2.3.
(1) An adelic metrized line bundle in the sense of Zhang [25, (1. 2)] defines an adelically metrized line bundle in our sense since, for each P , the pull-back of the metric via X an CP → X CP descends to X an P by the Galois invariance (see [1, Corollary 1.3.6] ). Moreover, an adelically metrized Q-
) v∈MK in our sense and a non-zero rational section s of some multiple nL of L defines an adelic arithmetic R-divisor
Given a non-Archimedean place v of K and a point x ∈ X an v , we can restrict | · | x to K ′ and obtain a place w of K ′ lying over v. Thus we have
where w runs over all the non-Archimedean places of K ′ lying over v. So, in particular, the notion of adelically metrized line bundles does not depend on the choice of K. (3) Let X be a projective arithmetic variety over O K . To a Q-line bundle L on X , we can associate an {∞}-adelically metrized Q-line bundle
is an adelically metrized line bundle on X. For each P ∈ M f K , we fix a uniformizer ̟ P of K P . We set, for any continuous function λ : 
be an {∞}-adelically metrized line bundle on X, and let j : Y → X be a morphism of projective varieties over
of Y , and let j U : Y U → X U be a U -morphism that extends j. Then, for any P ∈ U , for any local section s of L, and for any y ∈ Y an P ,
In particular, j
Lemma 2.5. Let L be an {∞}-adelically metrized line bundle on X. Given any
is an adelically normed graded K-linear series belonging to L, and we write for short 
The following are well-known (see for example [21] ).
(1) The lim sup in (2.12) is actually a limit.
(2) For any adelically metrized line bundle L and for any a 1, vol(aL) = a dim X+1 vol(L). In particular, we can define vol for adelically metrized Q-line bundles on X. Let L be an adelically metrized Q-line bundle on X.
Example 2.1. Unlike the geometric case (Zariski's theorem on removable base loci), B ss (L) can contain an isolated closed point. Let X := P d Z be the projective space, and let L := O X (1) be the hyperplane line bundle. We consider the
· · · : 0 :
v∈MK be an adelically metrized line bundle on X, and let x ∈ X(K) be a rational point. Let K(x) denote a field of definition for x such that K(x)/Q is finite, that is, K(x) is a number field that contains the residue field of the image of x. For each
We can choose a non-zero rational section s of L such that x / ∈ Supp(div(s)). We
where w runs over all the finite places of K(x) lying over v and x w ∈ X an v is the point defined by (K(x) w , w), and for v = ∞ (2.14)
We then define the height of x by
which does not depend on the choice of K(x) and s. For adelically metrized line bundles L, M on X, we have
We say that L is integrable if L is a difference of two nef adelically metrized Q-line bundles. Denote the Q-vector space of all the integrable adelically metrized Q-line bundles on X by Int(X).
v∈MK be an adelically metrized line bundle on X.
(1) For any model of definition (X U , L U ) for L {∞} and for any ε > 0, there
(2) If L is nef, then the following are equivalent.
(a) L is nef.
is relatively nef, and, for each P ∈ Spec(O K ) \ U and for each x ∈ X an P ,
are relatively nef, and, for each P ∈ Spec(O K ) \ U and for each x ∈ X an P ,
Proof. For the assertion (1) 
L ε is relatively nef, and, for each P ∈ Spec(O K ) \ U and for each x ∈ X an P ,
We set
where π ε : X ε → Spec(O K ) is the structure morphism. Then these satisfy the desired conditions. Proposition 2.7.
(1) There exists a unique map
having the following properties.
(2) For λ ∈ R and for every integrable adelically metrized Q-line bundles
(3) Suppose that X is normal, and let ϕ :
Remark 2.8.
(1) The above map deg gives a unique extension of the classical arithmetic intersection numbers of
bundle on X and L i M i for every i, then, by successively use of the property (c) of Proposition 2.7(1), we have
Proof. 
Basic properties of base loci
In this section, we collect some elementary properties of the augmented base loci of general graded linear series. Let X be a projective variety over a field k, and let L be a line bundle on X. To a k-linear series V ⊂ H 0 (L), we can associate a k-morphism denoted by
Let V • be a graded k-linear series belonging to L, let A be a line bundle on X, and let a 1 be an integer. We define a k-linear series belonging to aL − A as
for every sufficiently large p k .
It is clear that Bs Λ(V • ; nA, na) ⊂ Bs Λ(V • ; A, a) for every n 1. Thus if we set
nA, na) for every sufficiently divisible n. Let µ : X ′ → X be a birational k-morphism of projective k-varieties and let V • be a graded klinear series belonging to a line bundle L on X. If X is normal, then H 0 (mL)
. We define the augmented base locus of
where the intersection is taken over all the ample line bundles A on X and all the positive integers a.
Lemma 3.1. Let V • be a graded linear series belonging to L.
(1) If A, B are two line bundles on X, then for every a, b 1
(2) For any ample line bundle A,
(5) The following are equivalent.
(a) L is ample and V m = H 0 (mL) for every sufficiently divisible m ≫ 1.
There exists an n 1 such that x / ∈ Bs(n(aB − bA)) and x / ∈ Bs Λ(V • ; naB, nab). We can find an s ∈ Λ(V • ; naB, nab) and a t ∈ H 0 (n(aB − bA)) such that s(x) = 0 and t(x) = 0.
Since X is a noetherian topological space, there exist ample line bundles B 1 , . . . , B r and positive integers b 1 , . . . , b r such that
We can find an a 0 1 such that (1/b i )B i − (1/a 0 )A are ample for all i. Then by the assertion (1), we have B + (V • ) = Bs Λ(V • ; A, a) for every a a 0 .
(3): Suppose that x / ∈ Bs Λ(V • ; A, a). Since A is semiample, there exist a p 1, a t ∈ H 0 (pA), and an s ∈ H 0 (aL−A) such that t(x) = 0, s(x) = 0, and t⊗s ⊗p ∈ V pa . Thus x / ∈ B(V • ). The assertion (4) (b) ⇒ (a) Let P := P k (V a ) and let O P (1) be the hyperplane line bundle on P .
One can find a very ample line bundle A and an a 1 such that
There exist s 0 , . . . , s r ∈ H 0 (aL − A) and a p 1 such that
Segre emb.
The exceptional set of a projective birational k-morphism µ :
, where the intersection is taken over all the projective birational k-morphisms µ onto X.
Proof.
(1): The inclusion ⊃ is obvious by definition. The reverse follows from the following claim.
Proof of Claim 3.3. Let A be an ample line bundle on X. Suppose that x / ∈ µ (B(µ * V • ; A ′ , a)) for a positive integer a and an ample line bundle
by Lemma 3.1(1)(4), we have x / ∈ B(V • ; A, a).
Thus by the assertion (1), we have µ(
To show the reverse, we assume that
, we can find an ample line bundle A on X, an ample line bundle A ′ on X ′ , and an a 1 such that
Lemma 3.4.
(1) For every positive integers m, n, we have
(2) For every sufficiently divisible n, we have
(2): Since X is a noetherian topological space, one can find positive integers m 1 , . . . , m r such that
Thus by (1) we have
for every a 1.
Lemma 3.5. For any graded k-linear series V • belonging to L, we have
Proof. We choose a very ample line bundle A on X and an a 1 such that B(V • ) = Bs(V a ) and B + (V • ) = Bs Λ(V • ; A, a). Fix a basis s 0 , . . . , s r for Λ(V • ; A, a) and take a p 1 such that
we have that Φ Vpa is an immersion over X \ B + (V • ).
The following was proved in [11, 6] .
Theorem 3.6. Suppose that X is normal, and let L be a line bundle on X.
(1) B + (L) is characterized as the minimal Zariski closed subset of X such that the restriction of the Kodaira map
, then by passing to the algebraic closure k, we can apply [6, Theorems A and B]. In general, since the natural morphism
is a closed immersion, we can easily deduce the result from the case of
Remark 3.7. In Theorem 5.5 and Corollary 7.11, we show analogous results under the conditions that X is a normal projective variety over a number field K and that
A result of Zhang-Moriwaki
In this section, we give a simple proof to the (
Proof. The implication (1) ⇒ (2) is clear and we are going to show (2) ⇒ (1).
Claim 4.2. The Veronese subalgebra
is also noetherian and V • is a finitely generated V (a)
Proof. This is well-known (see [9, Chap. III, §1.3, Proposition 2]).
By replacing a with some multiple of a, we can assume that
Theorem 4.3. Let X be a projective variety over a number field K, and let L be a line bundle on X. Let V • be an adelically normed graded K-linear series belonging to L. Suppose the following.
Proof. By using Lemma 4.1, we can assume that V • is generated by V 1 and Bs(V 1 ) = Bs
) be the hyperplane line bundle on P (respectively Y ). For every m 1, the image of the homomorphism
. We choose an a 1 such that the restriction
is surjective for every m a and that the homomorphism
is surjective for every p 1. Proof of Claim 4.4. Since Bs Γ ss (V 1 ) K = ∅, given any y ∈ Y , we can find an
. Then the restriction s := s 0 | Y has the desired properties. 
for every p ≫ 1. In other words,
Proof of Claim 4.5. Fix a K-basis e 1 , . . . , e r for H 0 (O Y (a)). By (4.2), (4.4), Φ * e j ∈ V a for every j. Hence we can find a b 1 such that
is surjective for every p, we have the claim. By Claim 4.5, we have y / ∈ Bs Λ(W • ; O Y (a), a + b) for every y ∈ Y , and thus
is a closed immersion for some c 1. Let O Q (1) be the hyperplane line bundle on Q. Since the upper arrow of the diagram
is surjective for every m ≫ 1, we have Γ ss (V mc ) K = V mc for every m ≫ 1. By using Lemma 4.1 again, we conclude the proof. Suppose that a line bundle L on X is base-point free and let µ : Y → X be a morphism such that
In the rest of this section, we apply Theorem 4.3 to the case of adelically metrized line bundles (Corollary 4.10). We suppose that X is normal and geometrically
, and let 1 Fm ∈ H 0 (F m ) be the natural inclusion. 
and, for each x ∈ X an m,∞ ,
(1) We have
and Bs
(2) M m is a nef adelically metrized line bundle on X m .
Proof. We take an affine open covering {W λ } of X m such that µ * m (mL)| W λ is trivial with local frame η λ , and Supp(1 Fm )∩W λ is defined by a local equation f λ . Since any
Therefore we can define |1 Fm |
For each ε, we fix an integer n = n ε 1 such that nL ε is a line bundle on X ε . Let ν m,n,ε : X m,n,ε → X ε be the blow-up along
, that is, we have a morphism (1) For every P ∈ Spec(O K ) and for every x ∈ (X m \Supp(1 Fm ))
(2) For every P ∈ U and for every x ∈ X an m,P , | · |
In particular, (X m,ε,U , F m,ε,U ) and (X m,ε,U , M m,ε,U ) give a U -model of definition for (X m , F m ) and (X m , M m ), respectively. 
By Claim 4.8, the collection (| · | Claim 4.9. To each s ∈ Γ ss (mL) K , we can associate an s ′ ∈ H 0 (M m ) as above.
(1) For any v ∈ M K , we have s
Proof of Claim 4.9. The assertion (1) is clear since 1 Fm
1 for every v ∈ M K , so we are going to show the assertion (2). For each 
Corollary 4.10. Suppose that X is normal and let L be an adelically metrized line bundle on X. If m 0 H 0 (mL) is a finitely generated K-algebra, then the following are equivalent.
(a) H 0 (mL) = Γ ss (mL)
Proof. The implication (a) ⇒ (b) is obvious and we are going show the reverse. For m 1, we set
for every m 1. Thus H 0 (maL) = Γ ss (maL) K for every m ≫ 1. We conclude the proof by Lemma 4.1.
Arithmetic augmented base loci
which clearly does not depend on K (see Definition 3.1). If L is an adelically metrized line bundle on X and V • is given by the formula (2.10), then we write
. Let L be an adelically metrized line bundle on X.
We say that L is free if the homomorphism
is surjective. We say that an adelically metrized Q-line bundle L is semiample if some multiple of L is a free. 
Lemma 5.1. Let A be an adelically metrized line bundle on X.
(1) The following are equivalent.
(a) A is w-ample.
(b) aA is w-ample for an a 1.
(c) For an a 1,
is a closed immersion. 
is surjective for every m, r with m 1 and 0 r < b. Then
is surjective for every m, r with m 1 and 0 r < b, so we have
By the implication (b) ⇒ (a), we can assume a = 1. Let P := P K ( Γ ss (A) K ), and let O P (1) be the hyperplane line bundle on P . Since A is isomorphic to Φ * A,K O P (1), the homomorphism
is surjective for every m ≫ 1.
As above, we can find positive integers a, b such that
is generated by H 0 (aA) over K, that mA + L is very ample for every m a, and that
is surjective for every m, r with m 1 and 0 r < a. Then
is surjective for every m, r with m 1 and 0 r < a, so we have Γ ss (mA+L) K = H 0 (mA + L) for every m ≫ 1.
The implication (d) ⇒ (e) is clear by (c) ⇒ (a).
Before proving the implication (f) ⇒ (a), we show the assertion (2). Take an m 1 such that Φ mA,K is a closed immersion and that mF is free. Set
By considering the commutative diagram
we know that Φ m(A+F ),K is a closed immersion. (f) ⇒ (a): Let B be a w-ample adelically metrized line bundle on X. By the condition (f), mA − B is semiample for every m ≫ 1. Thus by the assertion (2), mA is w-ample for m ≫ 1. 
where the intersection in the middle is taken over all the w-ample adelically metrized Q-line bundles A on X. In particular, given any w-ample adelically metrized line bundle A, B + (L) = B ss (L − εA) for every sufficiently small rational numbers ε > 0.
(2) Let M be another adelically metrized line bundle on X. If s ∈ Γ s (M ), then 
for every rational numbers ε 1 , . . . , ε r with 0 ε i ε. 
We can find a w-ample adelically metrized line bundle A on X, an s ∈ Γ ss (bL), and a t ∈ Γ f (cL − A) such that s(x) = 0 and t(x) = 0. For a p 1, we have
Thus x / ∈ Bs ss ((pb + c)L − A). This implies that the equalities hold in (5.3). The assertion (2) is clear since
for every w-ample adelically metrized Q-line bundles A. 
Then for every ε 1 , . . . , ε r with 0 ε i ε, we have
Thus we conclude. (5): Since every adelically metrized line bundle is a difference of two w-ample adelically metrized line bundles (Lemma 5.1(1)), we can assume that A 1 , . . . , A r are all w-ample. By the assertion (3) above, there exists an ε > 0 such that
for every ε 1 , . . . , ε r with 0 ε i ε. Then for every δ 1 , . . . , δ r with δ i −ε, L + δ 1 A 1 + · · · + δ r A r is w-ample. 
where the intersection is taken over all the w-ample adelically metrized Q-line bundles A. We can easily see that
ss (L) and the equality does not hold in general.
In [10, §4] , Chen defined the augmented base locus by using the sections with normalized Arakelov degree not less than zero. If L is associated to a continuous Hermitian line bundle on an O K -model of X, then by [7, Remark 3.8(ii)] one can see that Chen's definition also coincides with ours.
Theorem 5.5. Let X be a normal projective variety over a number field and let L be an adelically metrized line bundle on X. The arithmetic augmented base locus B + (L) is characterized as the minimal Zariski closed subset of X such that the restriction of the Kodaira map
is an immersion for every sufficiently divisible m ≫ 1.
Proof. We choose an a 1 such that B ss (L) = Bs ss (maL) and
for every m 1 (Lemma 3.4(2)). By Lemma 3.5,
for every m 1. To show the reverse inclusion, let µ a : X a → X, F a , M a be as in Proposition 4.7. Let 1 Fa ∈ Γ s (F a ) be the natural inclusion. Then M a is free. By Theorems 4.3 and 3.6, there exists a p 1 such that
Set Y := Φ paL,K (X) and Y ′ := Φ pM a,K (X a ). We consider the commutative diagram
By applying Proposition 5.2(2) to the decomposition pµ * a (aL) = pM a + pF a , we have
Moreover, we have
a B + (L) thanks to Lemma 3.2(2). Therefore,
by (5.5)-(5.8) and, thus,
Yuan's estimation
The main result of this section is Theorem 6.6, which is the key to prove Theorem B and many other properties of the arithmetic restricted volumes and the arithmetic multiplicities. The ideas can be traced back to Yuan's paper [22] . Later, Boucksom-Chen [7] and Yuan [23] independently showed similar estimates by using different techniques. In this paper, we decide to rewrite the arguments in [22, 19] with the necessary changes. The arithmetic restricted volume we study below was first introduced by Moriwaki in [19] . Let M be a free Z-module of finite rank. A subset Γ of M is called a CL-subset of M if the following equivalent conditions are satisfied.
(a) There exist a Z-submodule N of M and a convex subset ∆ ⊂ M ⊗ Z R such that Γ = N ∩ ∆.
(b) Let Γ R be the R-vector subspace of M ⊗ Z R generated by Γ and let Conv Γ R (Γ) be the minimal convex body containing Γ in Γ R . Then
Given any subset S in M , we define the CL-hull of S in M as the smallest CL-subset of M containing S, which we shall denote by CL M (S). . Let M be a free Z-module of finite rank, and let r : M → N be a surjective homomorphism of Z-modules.
(1) Let Γ be a symmetric finite subset of M . Then
(2) Let ∆ be a bounded symmetric convex subset of M ⊗ Z R, and let a 1 be a real number. Then
Lemma 6.2. Let K be a number field, let M be a projective O K -module of finite rank, and let Γ be a finite subset of M . Then
Proof. The first inequality is clear. Since
In the rest of this section, let X be a projective variety that is geometrically irreducible over a number field K. Let π : X → Spec(O K ) be an O K -model of X, that is, X is reduced and irreducible and π is flat and projective. Definition 6.1. A flag on X is a sequence of reduced irreducible closed subschemes of X ,
such that each F i has codimension i + 1 in X , that F dim X consists of a closed point ξ, and that each F i+1 is locally principal in F i around ξ. The closed point ξ = ξ F• is called the center of the flag F • . Let Ψ be a Zariski closed subset of X . We say that F • is a Ψ-good flag on X over a prime number p if the following conditions are satisfied.
(a) There exists a prime ideal p ∈ Spec(O K ) such that p ∩ Z = pZ and [O K /p :
and the center ξ is F p -rational. (c) The center ξ is not contained in Ψ.
Moriwaki added the condition [19, §1.4 (e) ] to apply the arguments in [17, Lemma 1.11] but actually we can omit it. Note that F 0 is a Cartier divisor on X and that F 0 , . . . , F dim X are all geometrically irreducible over F p .
Let Rat(X) be the rational function field of X and let w 1 (φ) , . . . , w dim X (φ)), which does not depend on the choice of f 0 , . . . , f dim X . Note that
(1) Let Ψ ′ be a Zariski closed subset of X ′ and let
If ϕ is isomorphic around ξ ′ , then the sequence of the images
F dim X = {ξ} be a Ψ-good flag on X over a prime number p. If ϕ is isomorphic around ξ, then the sequence of the strict transforms Proof. Let ϕ : X ′ → X be a projective birational O K -morphism such that X ′ := X ′ × Spec(OK ) Spec(K) is smooth and geometrically irreducible over K. Set π ′ := π • ϕ and Ψ := ϕ −1 (Ψ) ∪ Ex(ϕ). We can choose a sequence of reduced irreducible closed subschemes of
Spec(K) is smooth of codimension i + 1 in X, and F i is not contained in Ψ. Let U 0 ⊂ Spec(O K ) be the set of all the prime ideals p having the properties that (a) the prime ideal pZ := p ∩ Z completely splits in K,
is smooth and is not contained in Ψ for every i, and (c) ♯(
where g is the genus of the smooth curve F dim X−1,K . Thanks to Chebotarev's density theorem, Spec(O K ) \ U 0 is a finite set. By the property (c) and Weil's theorem, given any p ∈ U 0 , we can take a ξ ∈ F dim X−1 (F p ) that is not contained in Ψ. Therefore, for each p ∈ U 0 , the sequence
is a ϕ −1 (Ψ)-good flag on X ′ over p and ϕ is isomorphic around ξ. Thus the assertion follows from Lemma 6.3(1).
Let U ⊂ Spec(O K ) be a non-empty open subset, and let X U := X × Spec(OK ) U be the base change. Let L be an adelically metrized line bundles on X such that (X U , L U ) gives a U -model of definition for L {∞} . Let F • be a flag on X such that the center ξ is not contained in X \ X U . We fix a local frame η of L U around ξ. Any s ∈ Γ f (L) \ {0} can be written as s = φη with a non-zero local function φ around x. We define the valuation map associated to F • as
which does not depend on the choice of the frame η.
Lemma 6.5.
(1) Let A be any ample line bundle on X . Then for every m ≫ 1, the image w F• H 0 (mA ) \ {0} contains all of the vectors
Proof. The assertion (1) 
Given any adelically metrized line bundle L on X, we set
(see Proposition 2.7 (1)), where the infimum is taken over all the nef adelically metrized line bundles A on X such that vol(A) is positive.
Theorem 6.6 ([22, §2.4], [19, Theorem 2.2])
. Let X be a projective variety that is geometrically irreducible over K and let L be an adelically metrized line bundle on
We have then
Step 1. Set (4)), which is the adelically metrized line bundle on X associated to the Hermitian line bundle O X (F 0 ), | · | triv ∞ on X . Set M := Γ Z and ∆ := Conv Γ R (Γ). Then ∆ is a compact symmetric convex body in Γ R . For each n 0, we set (6.5)
Step 2. In this step, we show that for each n 0
First, we have
thanks to [17, Lemma 1.4]. We choose {s 1 , . . . , s l } ⊂ M n ∩ ∆ such that the image forms an F p -basis for r n (M n ∩ ∆) Fp . Since l rk OK X Γ OK X and r n maps
Note that 2 * (M n ∩ β∆) ⊂ M n ∩ 2β∆ and Ker(r n ) = M n+1 . By applying Lemma 6.1(1) to r n (M n ∩ β∆), we have
By (6.8)-(6.10), we have the second inequality of (6.7). Next, we choose {t 1 , . . . , t l ′ } ⊂ M n ∩ (1/β)∆ such that the image forms an
thanks to [17, Lemma 1.4] again. By applying Lemma 6.1(1) to r n (M n ∩ (1/β)∆),
By (6.11)-(6.12), we have the first inequality of (6.7).
Step 3. By (6.6) and (6.7), we have
Thanks to Lemma 6.1(2), we have
for each n 1. We set T := {n 1 :
Then, by (6.13)-(6.17), we have
Step
) is pseudoeffective and
for every nef adelically metrized line bundles A on X (Proposition 2.7(1)). Suppose that vol(A) > 0. By (6.19) and Lemma 6.7 below, we have
so ♯T also have the same upper bound. Therefore, we have
for every nef adelically metrized line bundle A on X with vol(A) > 0.
Lemma 6.7. For any p ∈ Spec(O K ) and for any nef adelically metrized line bundle A on X, we have
Proof. Fix a rational number ε > 0. Thanks to Theorem 2.6(2), we can find a finite subset S ⊂ M f K and O K -models (X ′ , A 1 ) and (X ′ , A 2 ) of (X, A) such that A i are relatively nef and
Fix an adelically metrized line bundle H associated to an ample C ∞ -Hermitian line bundle H on X ′ . By invariance of the degree, we have
for every rational number δ > 0 and for i = 1, 2. Therefore, by continuity,
Hence we have the assertion.
Numbers of restricted sections
In this section, we study the asymptotic behavior of the numbers of restricted strictly small sections in general, and show Theorem B (Theorems 7.9). Definition 7.1. Let X be a projective variety over a number field K, let Y be a closed subvariety of X with number field
, and let L be an adelically metrized line bundle on X. We set
where
Then we define the arithmetic restricted volume of L along Y as
We say that an adelically metrized Q-line bundle L is Y -big if there exist an a 1 and a w-ample adelically metrized line bundle A such that
Remark 7.1. Let L be an adelically metrized line bundle on X.
(1) If s ∈ CL X|Y (mL) and t ∈ CL X|Y (nL), then s ⊗ t ∈ CL X|Y ((m + n)L).
In fact, we can write s = a i s i and t = b j t j , where
does not depend on the choice of K and coincides with κ X|Y (L).
In [19] , Moriwaki defined the arithmetic restricted volume of L along Y as
(2) Suppose that X is normal and let L be an adelically metrized line bundle on X. Let ϕ : X ′ → X be a birational K-morphism and let Y ′ be a closed subvariety of
as adelically normed K-vector spaces. By considering the commutative diagram
Proof. We can assume that Y ⊂ B ss (L) and the inequality is obvious. Since
and
give isomorphisms of fields of finite type over K Y . So what we have to show is 
over a prime number p. Definition 7.2. As in (6.3), we denote for each m 1 the valuation map associated to
and the affine space spanned by
The underlying R-vector space [4] for details).
(1) For every sufficiently large m ∈ N X|Y (L),
(2) Suppose that there exist an m 0 1 and an
Proof. (1): We have 
and Φ m is the restriction of Φ mL,K to Y for each m ∈ N X|Y (L). 
over U , where P := P OK ( Γ ss (aL) OK ) and Z is the Zariski closure of Z in P. By the hypothesis, Φ aL,U is defined at ξ and we set ξ ′ := Φ aL,U (ξ). Let H be the hyperplane line bundle on P, and let s ∈ Γ ss (aL) be the tensor power of s 0 . We can regard s as a section of H via the natural identification H 0 (H ) = Γ ss (aL) OK . Let Z s := {y ∈ Z : s(y) = 0}, let E := Rat(Z), and let R :
Since the field of fractions of R is E and E is a subextension of Rat(Y )/K, one can find by using Lemma 6.5(3) φ 0 , . . . , φ κ ∈ R \ {0} such that w F• (φ 0 ), . . . , w F• (φ κ ) are Z-linearly independent. For some b ≫ 1, φ i s ⊗b extends to a global section of bH | Z for every i, and the restriction H 0 (bH ) → H 0 (bH | Z ) is surjective. For each i, we choose a lift of
and let e i be the image of the lift via
By tensoring s furthermore, we have e 
Lemma 7.5. Let Y be a closed subvariety of X and let L be an adelically metrized line bundle on X.
(
On the other hand, by using a very general result [4, Lemme 3.5], one can find a constant b ′′ > 0 such that
The last formula (7.10) follows from (1), Lemma 7.4(2), and [4, Théorème 1.12].
We write 
converges to a positive real number e R X|Y (L) • .
Proposition 7.8. Set
(see (6.4) for definition of δ(L| Y )). Suppose that there exist an m 0 1 and an
Proof. Set
Then, by Theorem 6.6 and Lemma 6.2,
.
Given any ε > 0,
holds for every sufficiently large m ∈ N X|Y (L) by the arguments above. Therefore, given any
Theorem 7.9. Let X be a projective variety over a number field and let Y be a closed subvariety of X.
(1) For every adelically metrized line bundle L with κ X|Y (L) 0, the sequence
converges to a positive real number. (2) For every adelically metrized line bundle L, the sequence
By Theorem 7.9(1), there exists a positive constant c > 0 such that
holds for every m ∈ N X|Y (L).
Proof of Theorem 7.9. (1): Let D as in Proposition 7.8. We can find an m 0 1 and an s 0 ∈ Γ ss X|Y (m 0 L) \ {0}. Set Ψ := {y ∈ Y U : s 0 (y) = 0}. Given any ε > 0, we can find a prime number p such that one can find a Ψ-good flag F • on Y U over p and that (7.14) D log(p) ε (Lemma 6.4). By Propositions 7.8 and 7.7, we have
2ε.
Hence we conclude. 
Theorem 7.10. Let X be a projective variety over a number field, let Y be a closed subvariety of X, and let L, M be adelically metrized line bundles on X.
(1) If κ X|Y (L) 0, then for every integer a 1
(2) For every integer a 1, 
Hence we conclude.
Corollary 7.11. Let X be a normal projective variety over a number field and let L be an adelically metrized line bundle on X.
(1) For any closed subvariety
Proof. The assertion (1) is clear from Theorem 7.9.
(2): By Proposition 5. 
by Lemma 7.2(1). By taking ε → 0+, we have the assertion (2). Theorem 7.13. Let X be a projective variety over a number field, let Y be a closed subvariety of X, and let L, M be two adelically metrized line bundles on X.
(2): We start the proof with the following claims.
Claim 7.14. There exists a rational number λ 0 > 0 such that, for every λ ∈ R with λ > −λ 0 ,
Proof. Take s 1 , . . . , s r ∈ Γ ss (aL) such that {x ∈ X : s 1 (x) = · · · = s r (x) = 0} = B ss (L) and let λ 0 be a rational number with 0 < λ 0 min i {− log s i sup }. 
· e X|Y (L)
for every λ ∈ Q with |λ| < λ 0 /m 0 . Hence we conclude.
Generalized Fujita approximation
In this section, we obtain a formula expressing an arithmetic restricted volume as a limit of heights of projective varieties (Theorem 8.4). We can regard Theorem 8.4 as an arithmetic analogue of the generalized Fujita approximation proved in [11, Theorem 2.13] (in our case, dim Y can be zero). By Proposition 2.7(1),
Hence we conclude in this case.
In general, thanks to Theorem 2.6(2), there exists a finite subset S ⊂ M f K such that, for any rational number ε > 0, one can find O K -models (X ε , L ε,1 ) and (X ε , L ε,2 ) of (X, L) such that L ε,i are relatively nef and
Claim 8.2. We have
Proof. We can write the four differences in the form of 
for every rational number ε > 0. Therefore, we conclude by Corollary 7.12.
Let X be a normal projective variety over K, let L be an adelically metrized Qline bundle on X, and let Z be a closed subvariety of X. A Z-big approximation for L is a pair (µ : X ′ → X, M ) of a projective birational K-morphism µ : X ′ → X and a nef adelically metrized Q-line bundle M on X ′ having the following properties.
(a) X ′ is smooth and µ is isomorphic around the generic point of Z. Proof. First, we show the convergence of the sequence. 
